We develop an algorithm of polynomial complexity for evaluating one-loop amplitudes with an arbitrary number of external particles. The algorithm is implemented in the Rocket program. Starting from particle vertices given by Feynman rules, tree amplitudes are constructed using recursive relations. The tree amplitudes are then used to build one-loop amplitudes using an integer dimension on-shell cut method. As a first application we considered only three and four gluon vertices calculating the pure gluonic one-loop amplitudes for arbitrary external helicity or polarization states. We compare our numerical results to analytical results in the literature, analyze the time behavior of the algorithm and the accuracy of the results, and give explicit results for fixed phase space points for up to twenty external gluons.
Introduction
The current Tevatron collider and the upcoming Large Hadron Collider (LHC) experiments require a good understanding of the Standard Model signals to carry out a successful search for the Higgs particle and physics beyond the Standard Model. At these hadron colliders QCD plays an essential role and modeling all of the aspects of the events is crucial. From the lessons learned at the Tevatron, we need fixed order calculations matched with parton shower Monte Carlo's and hadronization models for a successful understanding of the observed events.
Fixed order calculations are the first step in modeling the events. In this paper we describe an algorithm for the automated calculation of one-loop amplitudes. A successful implementation of numerical algorithms for evaluating fixed order amplitudes needs to take into account the so-called complexity of the algorithm. That is, how does the evaluation time grow with the number of external particles. An algorithm of polynomial complexity is highly desirable [1] . Another consideration is the suitability of the method within a numerical context. In particular algebraic methods can be successfully implemented in efficient and robust algorithms. This can lead to rather different methods from what one would develop and use in analytic calculations.
Leading order parton level generators are well understood. These have been constructed using algebraic manipulation programs to calculate the tree amplitudes directly from Feynman diagrams [2] [3] [4] [5] [6] . However, such a direct approach leads to algorithms of double factorial complexity. Techniques such as helicity amplitudes [7] [8] [9] [10] , color ordering [11, 12] and recursion relations [13] [14] [15] [16] [17] have been developed and successfully used both in analytic and numerical calculations of leading order amplitudes. These techniques all aim at further factorizing the calculation in smaller subsets. Of these the recursion relation technique stands out as it maximizes the factorizability of tree amplitudes and consequently can be implemented as a polynomial complexity algorithm of rank four [18] . Furthermore, recursion relations have a simple algebraic structure ideal for numerical evaluation of the tree amplitudes. Such a recursive algorithm was successfully implemented in tree amplitude generators [19, 20] .
Compared to leading order generators the status of next-to-leading order generators is far less advanced. Calculations based on explicit one-loop Feynman diagrams using tensor form factor reductions have been used successfully for four, five and six point amplitudes. Examples of recent explicit calculations of six point one-loop amplitudes using such brute force methods are six photons [21, 22] , six gluons [23] and e + e − → four fermions [24, 25] . These direct approaches suffer from worse than factorial complexity.
Alternatively, powerful analytic methods have been developed for one-loop amplitudes based on generalized unitarity methods [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] . These methods have been used in analytic calculations leading to compact expressions for processes such as for example vector boson plus four partons [46, 47] . The analytic methods developed are again based on the principle of factorization. By using generalized unitarity one can factorize the one-loop amplitude into tree amplitudes from which the coefficients of the master integrals can be constructed.
The main problems of converting the on-shell analytic method into numerical algorithms are twofold. The first issue is resolving overlapping contributions between quadruple, triple and double cuts. Using the methods developed in [48, 49] one can disentangle the contributions in an algebraic manner. Secondly, the numerical implementation of the dimensional regularization within an on-shell method leads to complications. The on-shell cut lines give intermediate on-shell particles in non-integer number of dimensions. These lines are ill-defined and require special considerations. In particular from the aspect of a numerical implementation one needs a well-defined method for calculating the contributions originating from dimensional regularization. Several methods to calculate these contributions applicable for numerical implementation have been developed [34, 35, [50] [51] [52] . These developments now allow the construction of numerical algorithms for evaluating one-loop amplitudes with a large number of external particles [53, 54] .
In this paper we present an algorithm of rank nine polynomial complexity to calculate one-loop amplitudes with an arbitrary number of particles based on the purely algebraic methods developed in refs. [49, 51] . As a first step we implement the algorithm in the program Rocket 1 using three and four gluon vertices to calculate all the helicity amplitudes of the pure gluonic scattering amplitudes.
The outline of the paper is as follows. In section 2 we review the method and outline the construction of the required orthonormal basis vectors and D-dimensional polarization vectors. Section 3 contains our results: we study the accuracy of the method, the power-like growth of the computation time and give explicit single event results for various helicity configurations for up to twenty gluons. Finally, in section 4 we draw our conclusions and give an outlook on our future plans.
Construction of the Algorithm
We implement the methods developed in refs. [49, 51] with some minor modifications into the Rocket program. These methods build upon the formalism of ref. [48] by removing the requirement of the four dimensional spinor language, thereby allowing for the extension of the method to D-dimensional cuts.
To calculate the full one-loop N -gluon amplitude, it is sufficient to be able to calculate the leading color ordered one-loop amplitude. From these color ordered amplitudes the full one-loop amplitude can be constructed [26, 55] . Eventually the one-loop amplitude has to be contracted with the tree amplitude, summed over the colors and integrated over phase space. The number of different orderings one needs to calculate can be drastically reduced by noting that the phase space integration will symmetrize the final state gluons. Alternatively, a more physical approach can be employed by not only randomly sampling over the helicities but also over the colors of the external gluons. In the following we will therefore focus on the leading color ordered amplitudes A N (1, 2, . . . , N ). We will use the master integral basis decomposition derived in ref. [51] . This decomposition in an overcomplete set of master integrals makes the loop momentum dependence on the dimensionality explicit:
By applying quintuple, quadruple, triple and double D s -dimensional cuts (where D s ≥ D denotes the dimensionality of the spin-space) we can determine the coefficients of the parametric form of the one-loop amplitude. This requires the calculation of the factorized un-integrated one-loop amplitude
where M ≤ 5 and the D-dimensional loop momentum l has to be chosen such that
As a result of the on-shell condition, the tree amplitudes A [0] have in addition to the external four dimensional gluons, two D s -dimensional gluons with complex momenta. Dimensional regularization requires that D s ≥ D such that the ultra-violet poles are regulated. These higher dimensional gluons have (D s − 2) polarization states. To calculate these tree amplitudes we use the standard Berends-Giele recursion relation [13] which is valid in arbitrary dimension and for complex momenta.
The generic solution for the loop momentum in eq. (2.3) is given by 4) for arbitrary values of the variables α i . 3 The vector V µ i 1 ···im is defined in the space spanned by the denominator offset momenta {q i 1 , . . . , q i M }, while the orthonormal basis vectors {n µ M , . . . , n µ D } span the space orthogonal to the space spanned by these momenta [49, 51] . Given the solution to the on-shell conditions l µ i 1 ···i M in eq. (2.4), the loop momenta flowing into the tree amplitudes l i k and l i k+1 in eq. (2.3) are fixed by momentum conservation (see ref. [49] ).
Finally we need a stable and general method for constructing the orthonormal set of (D − M ) basis vectors and the (D s − 2) polarization vectors. To accomplish this we use the generalized Kronecker delta tensors [56] given by
We use the notation δ
The (R − 1)-particle Gram determinant is then given by
The conformal transformation applied on the coefficients αi is only valid when V Note that for R ≥ D + 1 the generalized Kronecker delta is zero. For the special case R = D we have the factorization of the Kronecker delta into a product of Levi-Civita tensors: δ
Given a set of momenta {q 1 , q 2 , . . . , q M } in a D-dimensional space-time we describe here how to construct the orthonormal set of basis vectors {n 1 , . . . , n D−M } such that q i · n j = 0 and n i · n j = δ ij . The set of momenta span the M -dimensional sub-space. The basis vector set {n i } spans the orthogonal (D − M )-dimensional space. For the k-th basis vector we choose the arbitrary vector b k . The vector is then given by
This means that in the construction of the basis we used (D − M − 1) arbitrary vectors.
We can also use the above construction of the orthonormal basis vectors to define the D s -dimensional polarization states of the cut gluon lines. Given a D s -dimensional gluon with light-cone momentum p we want to construct a set of the (D s − 2) polarization vectors {e
The polarization vectors have the property p · e (i) = 0, e (i) · e (j) = −δ ij and the spin sum is
where v µ is the polarization gauge vector. Note that if v µ is a light-cone vector the last term on the right-hand side is zero. The polarization vectors are easily constructed. We construct the (D s − 2) orthonormal basis vectors n µ i with respect to the two four-vectors {p, v}. We now define the (D s − 2) polarization vectors as e (j)
Once all coefficients in eq. (2.1) have been determined using an appropriate set of cuts and loop momentum solution vectors, we can algebraically continue the dimensionality to the non-integer limit: D → 4−2ǫ. This limit can be performed in different manners, leading to different schemes. In the four dimensional helicity scheme [57, 58] the continuation is defined as
In the 't Hooft-Veltman scheme [59] the limit is defined as
Because we are interested in the next-to-leading order contributions we can neglect terms of order ǫ in the continuation of the dimensionality. We then find for the color ordered one-loop amplitude
The terms in the first line give rise to the so-called cut-constructible part of the amplitude [60] . The terms in the second line can be identified with the rational part. In the approach used in this paper the division between these two contributions is not relevant. For the numerical evaluation of the bubble, triangle and box master integrals we use the package developed in ref. [61] .
Results
The algorithm is implemented in the Rocket Fortran 95 program. We first perform a series of checks by comparing to existing analytic results in the literature and by performing internal consistency checks. Next the accuracy of the results up to eleven external gluons is examined by comparing to the analytically known one-loop N -gluon helicity amplitudes. We then show that the evaluation time as a function of the number of external gluons is consistent with a degree nine polynomial. Finally, we present explicit results for a few fixed phase space points for selected helicity configurations with up to twenty external gluons.
In next-to-leading order calculations, the external gluons of the one-loop amplitude are identified with the momenta of well-separated jets. We therefore impose the following set of cuts on the generated phase space momenta
where η i and p ⊥,i denote the rapidity and transverse momentum of particle i, φ ij = |φ i −φ j | and η ij = |η i − η j | denote the distance in azimuthal angle and rapidity between particle i and j and s = (E 1 + E 2 ) 2 is the center of mass collision energy squared. The unrenormalized one-loop N -gluon results are given in the four dimensional helicity scheme (FDH). The conversion to the 't Hooft-Veltman (HV) scheme is given by
We will give explicit results for double poles, single poles and the constant part after extraction of the factor c Γ . The pole structure of the N -gluon one-loop amplitude is given by [62] [63] [64] 
where as usual the indices are modulo N . For the dimensional scale µ we use the center of mass collision energy, µ 2 = s.
Checks of the Results
We have performed several checks on our numerical implementation:
• we checked that the pole structure of the one-loop amplitudes agree with eq. (3.4) up to twenty gluons;
• the number of loop momentum solutions to the on-shell conditions in eq. (2.4) is infinite. This means we can solve for the coefficients in the parametric form of the integrand using many different sets of equations. We verified that the results are independent of the chosen loop momentum solutions;
• we checked that the results are independent of all auxiliary vectors introduced in e.g. eq. (2.8) used to construct both the orthonormal basis and the polarization vectors;
• we verified that our results are independent of the choice of dimensionality of the cut lines;
• for six gluons we compared all one-loop helicity amplitudes with the numerical results of [23] ;
• for up to twenty gluons we compared with the analytically known one-loop helicity amplitudes where all gluons have positive helicities [33, 65] ;
• for up to twenty gluons we compared with the analytically known one-loop helicity amplitudes where all but one gluon have positive helicities [33, 65] ;
• for up to twenty gluons we compared with the analytically known one-loop helicity amplitudes where all but two adjacent gluons have positive helicities [26, 60, 66] .
All checks performed were successful.
Study of the Accuracy
To study the numerical accuracy of the on-shell method implemented in Rocket we define
where "unit" denotes the result obtained with the on-shell method and "anly" the analytical result for the constant parts of the one-loop helicity amplitudes (or in the case of N = 6 the numerical results of [23] ). Similarly, where relevant, we denote by ε DP and ε SP the accuracy on the double and single poles, respectively. In fig. (1) we show the accuracy for the two adjacent minus helicity gluon MHV oneloop amplitudes, A N (− − + · · · +), for N ranging between six and eleven. The 100,000 phase space points used for each multiplicity are generated uniformly in phase space using the Rambo algorithm [67] . We plot the accuracy for the double pole (X = DP[dp], solid, red), the single pole (X = SP[dp], green, dot-dashed) and the constant part (X = C[dp], blue, dotted). We first examine the six-gluon plot ( fig. (1) , top left) and see that an excellent accuracy can be reached for all three contributions, the position of the peak being at ǫ DP = 10 −12.8 , ǫ SP = 10 −11.6 , and ǫ C = 10 −10.8 , respectively. The tail of the distribution reaching to large values of ǫ contains only a very few points for the single pole and the constant term. This lack of agreement is due to numerical instabilities. The wellknown sources of instabilities are vanishing Gram determinants or other small intermediate X=DP [dp] X=SP [dp] X=C [dp] X=DP [dp] X=SP [dp] X=C [dp] X=DP [dp] X=SP [dp] X=C [dp]
Figure 1: Accuracy on the double pole, single pole and constant part of the MHV amplitude with adjacent negative helicities for 6 up to 11 external gluons. Double ([dp]) and quadrupole ([qp]) precision results for 100,000 phase space points are shown. See text for more details.
denominators. Several techniques have been developed in the past do deal with such exceptional points, such as developing systematic expansions [68] [69] [70] or interpolating across the singular regions [71] . Similarly to what is done in [5, 50, 54] , we adopt here a more brute force approach and recur to quadrupole precision. In (fig. (1) , top left) we see three more curves: they correspond to the numerical accuracy on the same 100,000 phase space points when the one-loop amplitude is computed in quadrupole precision. 4 One sees that the positions of the peaks move even more to the left, the peak of the double pole is now at ǫ DP = 10 −15.6 (magenta, dot-dashed line, labelled X = DP[qp]), of the single poles is at ǫ SP = 10 −15.2 (light blue, dot-dashed, labeled X = SP[qp]) and of the constant part is that ǫ C = 10 −13.2 (black, dot-dashed, labelled X = C[qp]). More importantly, out of 100,000 phase space points samples, not a single point has an accuracy worse than 10 −4 .
We can now examine what happens when the number of external gluons is increased. At double precision we can see from the position of the peaks and the width of the distributions that the accuracy slowly worsens with increasing N . This is due to a slow accumulation of errors when more terms are added together and to the fact that there are potentially more instabilities. However, at quadrupole precision we see no appreciable worsening of the accuracy with increasing N . For N = 11 the peak of the double pole is now at ǫ DP = 10 −15.2 , of the single poles is at ǫ SP = 10 −14.8 and of the constant part is that ǫ C = 10 −12.8 . Again, out of 100,000 phase space points sampled, not a single point has an accuracy worse than 10 −4 . Up to N = 11 (and probably even for more gluons) quadrupole precision is sufficient to guarantee an accuracy needed for any next-to-leading order QCD correction. If higher precision is desired one can choose to evaluate the few phase space points which have insufficient precision using an arbitrary precision packages such as [72] , at the cost of higher computation time.
We note that while the plots here presented are for the MHV amplitudes, we performed a similar study for the finite amplitudes (A N (− + · · · +)) and obtain very similar results. This indicates that the accuracy is essentially independent of the helicities of the external gluons.
For the results shown in the above plots we choose to rerun all events in quadrupole precision to get an overall picture. However, in practice only a small fraction of phase space points require a quadrupole precision treatment (this fraction can be read off the plots in fig. (1) and depends on N and on the target accuracy). Therefore one needs a systematic procedure to decide which events should be re-evaluated in quadrupole precision. One possible way is to verify the accuracy of the single poles results. The analytic single pole result is given in eq. (3.4) for arbitrary number of gluons. Since two-point functions contain single poles, this checks the coefficients of the two-point master integrals as well as the coefficients of the higher point master integrals. In fig. (2) we investigate the correlation between the accuracy of the single pole contribution and the constant part. We plot the relative accuracy of the constant part log 10 (ǫ C ) versus the accuracy on the single poles log 10 (ǫ SP ) in double precision (left) for N = 6 MHV amplitudes when sampling 1,000 phase space points. The high correlation between the accuracy of the constant part and the single pole is evident. In fig. (2) (right) we show the improvement when running the same points in quadrupole precision (note the different scale on the y-axis). This leaves us with a straightforward estimate of the accuracy of the one-loop evaluation. By comparing the numerical evaluated single pole result against the analytic single pole result we can decide to switch to quadruple precision to re-evaluate the full one-loop amplitude and get the required precision. Alternatively, one might choose to run in quadrupole precision whenever any small denominator (for instance in the construction of dual vectors) appears. We did not fully investigate yet which method is the most efficient in detecting potential instabilities. We will leave this to a future study, but we anticipate that identifying dangerous phase space points in order to increase the accuracy is not an issue.
Time Dependence of the Algorithm
Compared to traditional Feynman diagram approaches, the power of this method is that the time needed to compute one-loop amplitudes does not grow factorially with the number of external legs. It is indeed quite straightforward to estimate the scaling of time with the number of gluons N . Within the so-called constructive implementation of Berends-Giele recursion relations (or alternatively a recursive implementation "with memory") the time required to compute tree level ordered amplitudes grows as τ tree,N ∝ N 4 [18] . Altogether the number of tree amplitudes that one needs to evaluate at one-loop is simply given by
where the first factor is due to the sum over polarization of the internal cut gluons in D s 1 and D s 2 dimensions respectively needed to determine the dimensional dependence of the one-loop amplitude [51] . The constants c m,max denote the number of times one needs to perform a multiple cut in order to fully constraint the system of equations determining the master integral coefficients. Explicitly we have c 5,max = 1, c 4,max = 5, c 3,max = 10, and c 2,max = 10 [51] . The integer number in front counts the number of tree amplitudes per multiple cut, finally the binomial coefficients corresponds to the number of possible cuts (for two point functions we subtract the vanishing contributions of the external self energy graphs). From this it follows that the time needed to evaluate a one-loop ordered amplitude will for large N scale as
In fig. (3) we plot the time needed to compute tree (blue, dashed) and one-loop (red, solid) ordered amplitudes with alternating helicity signs for the gluons, A
[1]
, as a function of the number of gluons in the range between four and twenty. Time estimates refer to using a 2.33 GHz Xeon processor. One can see that the times needed to compute tree and one-loop ordered amplitudes are consistent with a N 4 and N 9 growth respectively (we show a polynomial fit to those points as well). 5 When running in quadrupole precision rather than in double precision the evaluation time grows with a factor of approximately thirty. We verified that the scaling with N is unchanged.
Finally we remark that the time needed to compute "easier" or more "difficult" helicity amplitudes is approximately the same, i. e. we checked that the plot looks essentially identical for other helicity configurations.
Results for fixed phase space points
In this section we present sample results for one-loop helicity amplitudes at fixed phase space points for N = 6, 7. Other results for N ranging from eight to twenty are given in Appendix A. Since the algorithm employed is independent of the chosen external helicity vectors we show, apart from a comparison with known amplitudes, the results for the "most difficult", alternating sign helicity configurations, A We obtain the same results as in [23] , which we give in Table 1 for completeness. The results are given in Table 2 .
6 Note however that we use a different convention to label the momentum components here. 
Conclusions and outlook
In this paper we present the numerical implementation of an integer dimensional on-shell method for calculating one-loop amplitudes. The method used was developed in refs. [49, 51] which we followed closely. The resulting program, Rocket, is a Fortran 95 code. The only limitation on the number of external particles are the available computer resources.
As a first example and test of the implemented algorithm we calculated purely gluonic color ordered one-loop amplitudes. We explicitly study the properties and time-behavior of the algorithm up to twenty external gluons. The scaling of the computer time needed to evaluate color ordered one-loop amplitudes is consistent with the theoretical estimate of a rank nine polynomial. Comparisons to existing analytic results for special helicity configuration shows a good numerical accuracy and only for a limited set of events quadrupole precision is required. For completeness and later reference we give numerical results for explicit events. Now that the algorithm has been validated up to twenty external particles we plan to include internal and external (massive) quarks and external vector bosons. This allows us to compute one-loop amplitudes to a large range of processes relevant for both the LHC and Tevatron experiments.
We envision the collection of one-loop matrix elements to be integrated through matching into parton shower Monte Carlo's. The parton shower Monte Carlo will integrate the one-loop matrix elements with the radiative contributions. This will allow a seamless integration of the available tools in a single framework and will provide a complete and advanced analysis tool for experimentalists.
A. More numerical results
In this appendix we list some explicit results for high multiplicity events. N = 8 We randomly choose the following phase space point: The results are given in Table 3 . The results are given in Table 5 . 
